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Abstract
Weak limit spaces are a generalization of limit spaces and thus of topological spaces.
They describe the approximation structure induced by a representation more appro-
priately than topological spaces or limit spaces. Representations are used in Type
Two Theory of Eﬀectivity (TTE) to deﬁne computability on uncountable sets.
We give an example for a natural weak limit space which fails to be a limit space.
Its underlying set are the regularly closed sets of real numbers and its convergence
relation is the one induced by an admissible, naturally deﬁned representation of the
regularly closed sets.
1 Introduction
Topological spaces are the usual tool to describe approximation structures
in mathematics (cf. [5,16,20]). A well–known generalization of topological
space are limit spaces (sometimes called L–spaces), cf. [4,8,11]. A limit space
(X,→X) equips its underlying set X with a convergence relation →X assigning
to some sequences (xn)n some points of X viewed as the limits of (xn)n; certain
axioms have to be satisﬁed (cf. Section 2). It turns out that topological spaces
as well as limit spaces are too special to describe the approximation structure
induced by a representation on its represented set appropriately.
The notion of representation is one of the basic ones in Type Two Theory
of Eﬀectivity (TTE). TTE yields a computational framework for uncountable
sets emphasizing the ﬁnitary aspect of computations on digital computers (cf.
[10,18,19]). The basic concept is to represent the points of a set by ω–words
over a ﬁnite or computably inﬁnite alphabet Σ. The corresponding naming
1 Email: matthias.schroeder@fernuni-hagen.de
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function 2 δ :⊆ Σω → X mapping every name p ∈ dom(δ) to the encoded
point δ(p) is called a representation of the set X. The actual computation is
performed on these names by a digital computer (e.g. by a Type–2 machine)
producing more and more symbols of some name of the result while reading
more and more symbols of the argument names. Thus the potentially inﬁnite
computation yields more and more precise approximations of the result. The
exact deﬁnition of relative computability with respect to representations and
the related notion of continuous realizability is given in Section 3.
The usual tool to describe the approximation structure induced by a rep-
resentation δ :⊆ Σω → X is the ﬁnal topology of δ. It is deﬁned by 3
τδ :=
{
O ⊆ X ∣∣ (∀p ∈ δ−1[O])(∃w ∈ Σ∗) (w  p and δ[wΣω] ⊆ O)} .
The ﬁnal topology τδ contains every ﬁnitely observable property (cf. [16]),
namely every property O ⊆ X that can be obtained by observing some ﬁnite
preﬁx of each name of each element satisfying this property.
In many case, the ﬁnal topology τδ is too unprecise to describe the ap-
proximation structure induced by δ properly. A counterexample is the usual
decimal representation 4 ρ10 of the real numbers (cf. [19, Def. 4.1.12]). The
ﬁnal topology of ρ10 is the usual Euclidean topology τR. However, each name p
of any number d in D := {z · 10−i | z ∈ Z , i ∈ N} supplies an additional infor-
mation about d, namely, depending on p, either that the number represented
by p is in (−∞; d] or that it is in [d;∞). This ﬁnitely observable information
cannot be described as a set and is not grasped by the ﬁnal topology of ρ10.
The well–known uncomputability of multiplication by 3 w.r.t. the decimal rep-
resentation is due to the fact that the ﬁnitely observable informations supplied
by ρ10 about elements x ∈ 13D \D is not suﬃcient to produce a name of the
result 3x ∈ D. This means that the topologically continuous function x → 3x
is in a certain sense discontinuous at points in 1
3
D \D.
The corresponding notion of continuity is sequential continuity w.r.t. the
ﬁnal convergence relation →ρ10 induced by the decimal representation. For a
representation δ :⊆ Σω → X, the ﬁnal convergence relation →δ is deﬁned by
(xn)n →δ x∞ :⇐⇒
(∃(pn)n≤∞
)(
(pn)n →Σω p∞ ∧ (∀n ≤ ∞) δ(pn) = xn
)
,
where →Σω denotes the usual convergence relation on Σω (cf. Section 2). The
quotient space (X,→δ) generated by δ satisﬁes the axioms of weak limit spaces
(cf. Section 2), but not necessarily those of limit spaces: (R,→ρ10) is not a
limit space. One can show that every function f : R→ R that is sequentially
2 By Σω we denote the set of ω–words over Σ (which formally are sequences over Σ). By
dom(δ) we denote the domain of the partial function δ :⊆ Σω → X between Σω and X.
3 By  we denote the preﬁx relation on words and ω–words, and by wΣω the set of ω–words
p ∈ Σω with preﬁx w (i.e. wΣω = {p ∈ Σω |w  p}).
4 E.g.: ρ10(2∗5000 . . . ) = ρ10(2∗4999 . . . ) = 52 and ρ10(−3∗14159 . . . ) = −π
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continuous w.r.t. →ρ10 is continuously realizable w.r.t. ρ10, because ρ10 is an
admissible (cf. Section 3) representation.
Since x → 3x fails to be sequentially continuous w.r.t. →ρ10 , the space
(R,→ρ10) seems to be a rather useless example of a weak limit space which is
not a limit space. In Section 5, we present a more useful example of such a
weak limit space. The underlying set is the family of regularly closed subsets
of the Euclidean space and its convergence relation is the one induced by an
admissible representation admitting computability of set union. Moreover, we
prove that for every countably based T0–space the correspondingly deﬁned
hyperspace of regularly closed sets has an admissible representation.
2 Weak Limit Spaces and Related Notions
We deﬁne a convergence space to be a pair X = (X,→X), where X is a set
and →X is a subset of XN × X called the convergence relation of X. A se-
quence (xn)n ∈ XN is said to converge to an element x∞ ∈ X w.r.t. →X,
iﬀ (xn)n →X x∞ holds. In this situation we also say that the (generalized)
sequence (xn)n≤∞, being a function from N := N ∪ {∞} = {0, 1, . . . } ∪ {∞}
to X, is a convergent sequence of X = (X,→X). The convergence space X is
called a limit space, iﬀ Axioms (L1), (L2), (L3) are satisﬁed (cf. [4,8,11]):
(L1) (x)n →X x;
(L2) if (yn)n →X x and ϕ : N→ N is strictly increasing, then (yϕ(n))n →X x;
(L3) if (yn)n →X x, then there is a strictly increasing function ϕ : N→ N such
that (yϕψ(n))n →X x for all strictly increasing function ψ : N→ N.
Note that we do not require of limit spaces to satisfy Axiom (L0):
(L0) every converging sequence (xn)n has a unique limit.
For every topological space Z = (Z, τZ), we denote by→τZ the convergence re-
lation induced by the topology τZ (cf. [5,6,16,20]). For short, we will sometimes
write Z for the convergence space (Z,→τZ ). It is well–known that (Z,→τZ ) is
a limit space. On the set N we will always use the convergence relation →
N
induced by the countably–based topology τ
N
:= {O ⊆ N |∞ ∈ O ⇒ (∃n0 ∈
N)(∀n ≥ n0)n ∈ O} and on Σω the one induced by the countably–based
topology τΣω :=
{⋃{wΣω |w ∈ W} ∣∣W ⊆ Σ∗}.
Let Y = (Y,→Y) be a further convergence space. A function f :⊆ X → Y
is called (sequentially) continuous w.r.t. →X and →Y (for short (→X,→Y)–
continuous), iﬀ f preserves convergent sequences, i.e. (xn)n →X x∞ implies(
f(xn)
)
n →Y f(x∞) for all sequences (xn)n≤∞ in dom(f). Continuity of mul-
tivariate functions is deﬁned accordingly. For functions between countably–
based spaces, sequential continuity and topological continuity coincide (cf.
[5,6]).
We deﬁne a convergence space X = (X,→X) to be a weak limit space (cf.
[14]), iﬀ X satisﬁes Axioms (L1), (L4), (L5):
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(L4) if (yn+1)n →X x and y0 ∈ X, then (yn)n →X x;
(L5) if (xn)n →X x∞ and (kn)n →N k∞, then (xkn)n →X xk∞ .
Every limit space is a weak limit space (cf. [14]). By checking the Axioms (L1),
(L4), (L5), one can easily verify that the quotient space (X,→δ) generated by
a representation δ :⊆ Nω → X is actually a weak limit space. Moreover, one
can show that every weak limit space X = (X,→X) can be generated in this
way from an appropriate metric space (M,d) by a surjection f : M → X.
Thus the weak limit spaces form a very natural class of spaces.
3 Basics of Type Two Theory of Eﬀectivity
We give a short introduction to basic concepts of TTE. For the sake of sim-
plicity, we use N as the underlying alphabet Σ. Let δ :⊆ Nω → X and
γ :⊆ Nω → Y be representations, i.e. surjective functions. A function
f :⊆ X → Y is called (δ, γ)–computable or computable w.r.t. δ and γ, iﬀ
there is a computable function g :⊆ Nω → Nω realizing f w.r.t. δ and γ
meaning that g satisﬁes
(∀p ∈ dom(f ◦ δ)) γ(g(p)) = f(δ(p)) (1)
(cf. [10,18,19]). Computability of g is deﬁned by the existence of a computable
word function h : N∗ → N∗ that is monotone w.r.t. the preﬁx relation on words
over N and satisﬁes 5
g(p) = q ⇐⇒ (∀n ∈ N)(∃i, j ∈ N) q<n+i = h(p<j)
for all p, q ∈ Nω (cf. [10,14,18]). A function f :⊆ X → Y is called (δ, γ)–
continuous or continuously realizable w.r.t. δ and γ, iﬀ there is a continuous
function g :⊆ Nω → Nω satisfying Equation (1). Relative computability and
continuous realizability for multivariate functions is deﬁned accordingly.
We call δ an admissible representation of a weak limit space X = (X,→X)
(cf. [14,15]), iﬀ δ satisﬁes (a) and (b):
(a) δ is continuous w.r.t. →Nω and →X;
(b) for every continuous function φ :⊆ Nω → X there is a continuous function
g :⊆ Nω → Nω translating φ to δ, i.e. (∀p ∈ dom(φ))φ(p) = δ(g(p)).
For any topology τ on X, we say that δ is τ–admissible, iﬀ δ is an admissible
representation of the limit space (X,→τ ) (cf. [13]). Property (b) is called the
universality of δ: in a certain sense, admissible representations of X contain
every continuous representation of X.
Admissibility is deﬁned in order to guarantee equivalence between contin-
uous realizability w.r.t. admissible representations and sequential continuity.
The proof of the following theorem can be found in [14].
5 Here r<i denotes the preﬁx r(0) . . . r(i− 1) of length i of the ω–word r.
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Theorem 3.1 Let δ :⊆ Nω → X and γ :⊆ Nω → Y be admissible representa-
tions of weak limit spaces X = (X,→X) and Y = (Y,→Y), respectively. Then
a function f :⊆ X → Y is continuous w.r.t. →X and →Y, if and only if f
is continuously realizable w.r.t. δ and γ. The analogue holds for multivariate
functions.
Moreover, we have the following proposition about quotient spaces gener-
ated by admissible representations.
Proposition 3.2 Every admissible representation δ of a weak limit space X =
(X,→X) satisﬁes →δ =→X. Every admissible representation γ of a sequential
topological space Y = (Y, τY) satisﬁes τγ = τY.
Proof. Similar to [14, Lemma 5, Proposition 8] and [13, Theorem 7]. ✷
The category AdmWeakLim of weak limit spaces with admissible represen-
tations and of total sequentially continuous functions can be proved to be
cartesian closed (cf. [14]).
We shortly introduce the notion of computable topological spaces (cf. [19]).
A triple X = (X,B, β) is called a computable topological space, iﬀ X is a non–
empty set, B is a countable subbase of a topology on X and β : N → B is a
total numbering 6 of B such that
(1) {B ∈ B |x ∈ B} = {B ∈ B | y ∈ B} implies x = y for all x, y ∈ X;
(2) the set
{
(u, v) ∈ N2 ∣∣ β(u) = β(v)} is recursively enumerable.
Given a computable topological space X = (X,B, β), we denote by O(X)
the topology generated by the subbase B and by A(X) the family of closed
sets of the topological space
(
X,O(X)). Property (1) implies that O(X) has
the T0–property. In a similar way as in [19], we deﬁne the admissible standard
representation δX :⊆ Nω → X of X by
δX(p) = x :⇐⇒ {β(i) | i ∈ En(p)} = {B ∈ B |x ∈ B}
for all p ∈ Nω and x ∈ X, where En(p) := {p(j)− 1 | j ∈ N , p(j) > 0}.
A computable topological space R equipped with the one–dimensional Eu-
clidean topology can be deﬁned by R := (R,Cb, νCb), where
Cb :=
{
(a− r; a+ r)∣∣ a, r ∈ Q , r > 0} ,
νCb〈i, j, k, l,m〉 :=


(
i−j
k
− l
m
; i−j
k
+ l
m
)
if k, l,m > 0
(0; 1) else
(i, j, k, l,m ∈ N).
Here 〈·, ·, ·, ·, ·〉 : N5 → N denotes a canonical computable bijection between
N5 and N. By Rk we denote a correspondingly deﬁned computable topolog-
6 In the original deﬁnition in [19], a partial notation of B rather than a total numbering is
used. Both concepts do not diﬀer substantially.
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ical space equipped with the k–dimensional Euclidean topology. The stan-
dard representation δR induces a computability notion on the real numbers
which is essentially equivalent to the ones considered by other authors like
A. Grzegorczyk in [7], Ker-I Ko in [9], M. Pour–El and J. Richards in [12] or
V. Stoltenberg–Hansen and J.V. Tucker in [17].
4 The Enumeration Representation of Open Sets
Let X = (X,B, β) be a computable topological space. Of course, any open set
O ∈ O(X) is the union of certain members of the base
B∩ := {X ∩B1 ∩ . . . ∩Bk
∣∣ k ∈ N , {B1, . . . , Bk} ⊆ B
}
.
Thus a natural representation of the family O(X) can be constructed by enu-
merating a sequence of base sets exhausting the open O to be represented.
For the formal deﬁnition, we deﬁne at ﬁrst a numbering β∩ : N → B∩ of the
base B∩ by
β∩
(∑
j∈E2
j
)
:=
⋂{
β(j)
∣∣ j ∈ E}
for all ﬁnite subsets E ⊆ N. Generalizing the representations θen and ψen
in [19] for the Euclidean space, we deﬁne the enumeration representations
θ⊕X :⊆ Nω → O(X) and ψX :⊆ Nω → A(X) by
θ⊕X(q) :=
⋃{
β∩(i)
∣∣ i ∈ En(q)} and ψX(q) := X \ θ⊕X(q)
for q ∈ Nω (cf. [19,2,3]), where En(q) = {q(j) − 1 | j ∈ N , q(j) > 0}. Intu-
itively, θ⊕X provides positive information about open sets, whereas ψ

X yields
negative information about closed sets.
Both representations turn out to be admissible with respect to the corre-
sponding upper fell topologies τ⊕X and τ

X on, respectively, O(X) and A(X).
The upper fell topologies are deﬁned by having, respectively, the sets
S⊕X :=
{{O ∈ O(X) |K ⊆ O} ∣∣K is compact in X} and
SX :=
{{A ∈ A(X) |K ∩ A = ∅} ∣∣K is compact in X}
as their subbases (cf. [1,2]).
Proposition 4.1 Let X = (X,B, β) be a computable topological space. Then
θ⊕X is an admissible representation of the hyperspace
(O(X), τ⊕X
)
, and ψX is
an admissible one of
(A(X), τX
)
.
Proof. We only prove the ﬁrst statement which implies the second one.
Continuity: Let (pn)n≤∞ be a convergent sequence in dom(θ⊕X), and let K be
a compact subset of θ⊕X(p∞). As the family {β∩(i) | i ∈ En(p∞)} is an open
cover of K, there is some ﬁnite subset E ⊆ En(p∞) with K ⊆
⋃{β∩(i) | i ∈
E}. Moreover, there are some k, n0 ∈ N with E ⊆ {p∞(j) − 1 | j < k} and
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(∀n ≥ n0) p<kn = p<k∞ . It follows K ⊆ θ⊕X(pn) for all n ≥ n0. We conclude
that
(
θ⊕X(pn)
)
n converges to θ
⊕
X(p∞) in (O(X), τ⊕X ). Hence θ⊕X is sequentially
continuous.
Universality: Let φ :⊆ Nω → O(X) be a function which is continuous w.r.t.
the topology τ⊕X . For p ∈ Nω and i, j ∈ N we deﬁne g : Nω → Nω by 7
g(p)〈i, j〉 :=


i+ 1 if (∀U ∈ φ[p<jNω]) β∩(i) ⊆ U
0 else.
Since g(p)〈i, j〉 only depends on a ﬁnite preﬁx of p, g is continuous. We show
that g translates φ to θ⊕X. Let p ∈ dom(φ) and O := φ(p). Clearly, θ⊕X(p) ⊆ O.
Let x ∈ O. For every m ∈ N we deﬁne Bm := {β(i) | i ≤ m, x ∈ β(i)}.
Suppose for contradiction that for every m ∈ N there are a set Vm ∈ φ[p<mNω]
and an element ym ∈ Bm \ Vm. Since {B0, B1, . . . } forms an open neighbour-
hood base of x, the sequence (yn)n converges to x in X. Thus there is some
m1 ∈ N with (∀m ≥ m1) ym ∈ O. Moreover, K := {x} ∪ {ym |m ≥ m1} ⊆ O
is a compact subset of X, because, given any open cover U of K, (yn)n is
eventually in every open set U ∈ U containing x. Since (Vm)m converges to O
in (O(X), τ⊕X ) by continuity of φ, there is some m2 ∈ N with K ⊆ Vm for all
m ≥ m2. Hence ymax{m1,m2} ∈ Vmax{m1,m2}, a contradiction.
Therefore there is some m ∈ N with (∀U ∈ φ[p<mNω])Bm ⊆ U . Since B∩
is a base of O(X), there is some i ∈ N with x ∈ β∩(i) ⊆ Bm. We con-
clude x ∈ β∩(g(p)〈i,m〉 − 1) ⊆ θ⊕X
(
g(p)
)
. Hence θ⊕X
(
g(p)
)
= O. Therefore g
translates φ continuously to θ⊕X. ✷
One readily veriﬁes that both representations have the eﬀectivity property
that ﬁnite intersection and ﬁnite union are (θ⊕X, θ
⊕
X, θ
⊕
X)–computable on O(X)
and (ψX, ψ

X, ψ

X)–computable on A(X).
5 Admissible Representations of Regularly Closed Sets
Let X = (X,B, β) be a computable topological space. A regularly closed
subset of X is a closed set A ∈ A(X) which is the closure of its interior,
i.e. A = Cls(Int(A)), cf. [20]. Non–empty proper regularly closed subsets of
Euclidean spaces are called solids (cf. [21]). We denote the family of regularly
closed subsets of X by RA(X).
The straightforward representation δregX :⊆ Nω → RA(X), deﬁned by
δregX (p) = A :⇐⇒ θ⊕X(p) = Int(A) for p ∈ Nω, A ∈ RA(X),
can be shown to be admissible w.r.t. the topology
τ regX :=
{{A ∈ RA(X) | Int(A) ∈ V} ∣∣V ∈ τ⊕X
}
.
7 Here 〈·, ·〉 denotes a computable bijection between N2 and N.
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The disadvantage of δregX is that the union operator on RA(R) is uncomputable
w.r.t. δregR , because it is not sequentially continuous w.r.t. the convergence
relation induced by τ regR . For constructing a representation ofRA(X) admitting
relative computability of set union, we use the fact that all open sets U, V ∈
O(X) satisfy Cls(U ∪ V ) = Cls(U) ∪ Cls(V ) and Cls(U) ∈ RA(X) (cf. [20]).
We deﬁne the representation ψregX :⊆ Nω → RA(X) by
ψregX (q) := Cls
(
θ⊕X(q)
)
for all q ∈ Nω. By (θ⊕X, θ⊕X, θ⊕X)–computability of the union operator on O(X)
and by the above equation, the union operator on RA(X) is computable with
respect to ψregX .
In order to prove admissibility of ψregX we at ﬁrst equip RA(X) with a
convergence relation denoted by →RA(X). It is deﬁned by
(An)n →RA(X) A∞ :⇐⇒(∀U ∈ O(X))(A∞ ∩ U = ∅ =⇒
(∃V ∈ O(X))(U ∩ V = ∅ ∧ (∀∞n ∈ N)V ⊆ An ∩ A∞)
)
for all sequences (An)n≤∞ of regularly closed sets. One can easily verify that(RA(X),→RA(X)
)
is a weak limit space. For two sets A,B ∈ RA(X) we have
(A)µ →RA(X) B ⇐⇒ A ⊇ B, thus Axiom (L0) is not satisﬁed. We show that
ψregX is an admissible representation of
(RA(X),→RA(X)
)
. Hence, by Proposition
3.2, →RA(X) is the convergence relation induced by ψregX on RA(X).
Theorem 5.1
Let X = (X,B, β) be a computable topological space. Then ψregX is an admissible
representation of the hyperspace
(RA(X),→RA(X)
)
.
Proof.
Continuity: Let (qn)n≤∞ be a convergent sequence in dom(ψ
reg
X ). For every
n ∈ N let An := ψregX (qn) and On := θ⊕X(qn). Let U be an open set with
U ∩ A∞ = ∅. Since A∞ is the closure of O∞, there is some x ∈ O∞ ∩ U . By
deﬁnition of θ⊕X, there are j ∈ En(q∞) and n0 ∈ N with x ∈ β∩
(
j
) ⊆ O∞
and (∀n ≥ n0) j ∈ En(qn). Let V := β∩(j). Then we have U ∩ V = ∅ and
V ⊆ On ∩O∞ ⊆ An ∩ A∞ for all n ≥ n0. This proves (An)n →RA(X) A∞.
Universality: Let φ :⊆ Nω → RA(X) be a continuous function. For p ∈ Nω
and i, j ∈ N we deﬁne g : Nω → Nω by
g(p)(m) :=


m− %√m'2 + 1 if (∀F ∈ φ[p<mNω]) β∩(m− %√m'2) ⊆ F
0 else.
Since g(p)(m) only depends on a ﬁnite preﬁx of p, g is continuous.
We prove that g translates φ to ψregX . Let p ∈ dom(φ) and A := φ(p). Since
we have β∩(i) ⊆ A for every i ∈ En(g(p)), the open O := θ⊕X
(
g(p)
)
is a subset
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of A.
Let x ∈ A. Suppose for contradiction x /∈ Cls(O). Then there is some open
neighbourhood U of x with O ∩ U = ∅. Thus for every k ∈ En(g(p)) we have
β∩(k) ∩ U = ∅. Hence for every m ∈ N there is some Fm ∈ φ[p<mNω] with
β∩(m− %√m'2) ∩ U = ∅ =⇒ β∩(m− %√m'2)  Fm .
By continuity of φ, (Fm)m converges to A. Thus there is an open set V and
some m0 ∈ N with U ∩ V = ∅ and (∀m ≥ m0)V ⊆ Fm ∩ A. As B∩ is a
base of O(X), there is some i0 ∈ dom(β∩) with ∅ = β∩(i0) ⊆ U ∩ V . We
deﬁne m1 := (m0 + i0)
2 + i0. On the one hand we have β
∩(i0) ⊆ Fm1 , as
m1 ≥ m0, but on the other hand β∩(i0)  Fm1 , because i0 = m1 − %
√
m1'2
and β∩(i0) ∩ U = ∅, a contradiction.
We conclude A = Cls(O), i.e. ψregX
(
g(p)
)
= A. Hence g translates φ continu-
ously to ψregX . ✷
A further interesting admissible representation ξX :⊆ Nω → RA(X) is
deﬁned as the conjunction of the representations ψregX and ψ

X, i.e.
ξX(q) = A ⇐⇒ ψregX
(
q(0)q(2)q(4) . . .
)
= ψX
(
q(1)q(3)q(5) . . .
)
= A
for all q ∈ Nω and A ∈ RA(X). It inherits from ψregX and ψX the property of
admitting relative computability of the union operator. Moreover, the weak
limit space (X,→ξX ) generated by ξX satisﬁes Axiom (L0). Since the conjunc-
tion of two admissible representations can easily be shown to be an admissible
one of the “conjunction” of their generated quotient spaces, we obtain:
Corollary 5.2 The representation ξX is an admissible one of
(RA(X),),
where  is deﬁned by (An)n  A∞ :⇐⇒ (An)n →RA(X) A∞ ∧ (An)n →τX A∞.
Now we prove that in general the hyperspace
(RA(X),→RA(X)
)
is not a limit
space. A counterexample is obtained by the Euclidean space (R, τR).
Proposition 5.3 The hyperspace
(RA(R),→RA(R)
)
is not a limit space.
Proof. We have to construct a sequence (An)n≤∞ of regularly closed sets of
real numbers with the following properties: every subsequence of (An)n has
a subsequence that converges to A∞ w.r.t. →RA(R), but (An)n itself does not
converge to A∞.
At ﬁrst we deﬁne the sequences (ln)n, (mn)n and (qn)n by
ln :=
⌊
log2(n+ 1)
⌋
, mn := n+ 1− 2ln and qn := mn
2ln
for n ∈ N. Obviously, the function n → (mn, ln) is a bijection between N and
the set
{
(c, k) ∈ N2 ∣∣ c < 2k}. We deﬁne (An)n≤∞ by
An := [−2; 2] \ (qn − 2−ln ; qn + 2−ln) and A∞ := [−2; 2]
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for n ∈ N. Clearly, these sets are regularly closed.
Let ϕ : N → N be strictly increasing. Since [0; 1] is sequentially compact
and contains (qϕ(n))n, there is some strictly increasing function χ : N→ N such
that qϕχ(n) converges to some z ∈ [0; 1]. We show that (Aϕχ(n))n converges to
A∞. Let U be an open set intersecting A∞. Then there is some x ∈ (−2; 2)∩U
with x = z. Moreover, there exists some k ∈ N with V := (x−2−k;x+2−k) ⊆
[−2; 2] and |x−z| > 4 ·2−k. Furthermore, there is some n0 ∈ N with lϕχ(n) ≥ k
and |qϕχ(n) − z| < 2−k for all n ≥ n0. We obtain |qϕχ(n) − x| > 3 · 2−k, thus
V ∩(qϕχ(n)−2−lϕχ(n) ; qϕχ(n)+2−lϕχ(n)
)
= ∅ and V ⊆ Aϕχ(n)∩A∞ for all n ≥ n0.
We conclude that (Aϕχ(n))n converges to A∞ w.r.t. →RA(R).
Suppose for contradiction that (An)n converges to A∞ w.r.t. →RA(R). Let
U := (0; 1). Then there are V ∈ τR, n0 ∈ N and x ∈ R with x ∈ U ∩ V = ∅
and V ⊆ An ∩ A∞ for all n ≥ n0. We deﬁne k := ln0 + 1. Then there is some
c < 2k with x ∈ ( c−1
2k
; c+1
2k
)
. For n1 := c + 2
k − 1 we have ln1 = k > ln0 and
qn1 =
c
2k
, hence n1 ≥ n0 and x /∈ An1 . This contradicts V ⊆ An1 .
We conclude that
(RA(R),→RA(R)
)
does not satisfy Axiom (L3). ✷
6 Final Remarks
The representation ξk of RA(Rk) from [21] plays an important role in linear
optimization. It is deﬁned equivalently to the representation ξRk . Thus it is an
admissible representation of the hyperspace described in Corollary 5.2. The
sequence (An)n≤∞ constructed in the proof of Proposition 5.3 also witnesses
that
(RA(R),→ξ1
)
fails to be a limit space. In a similar way, one can prove
that the weak limit space
(RA(Rk),→ξk
)
generated by ξk is not a limit space.
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